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Abstract
We present a suite of randomized primal-dual algorithms which solve the problem
minx maxy y > Ax to additive error , encompassing many fundamental problems
such as matrix games, linear programming, perceptron / SVM, minimum enclosing ball and linear regression. For matrix A with larger dimension
pn and nnz(A)
nonzero entries, we provide algorithms that run in time nnz(A) + nnz(A)nL/,
where L p
is a domain-dependent norm of A. For matrix games and SVM, this is
a factor nnz(A)/n improvement over
p the best known deterministic methods,
and (for  sufficiently small) a factor n/nnz(A)/ improvement over previously
known stochastic methods. Furthermore, we show how to exploit (numerical)
sparsity of A and develop variance-reduced
coordinate methods that can improve
√
running times by up to an additional n factor. Our development consists of (i)
a variance reduction framework for general convex-concave problems using Nemirovski’s “conceptual prox method,” (ii) low-variance gradient estimators based
on “sampling from the difference” between the current iterate and a reference point,
and (iii) data structures supporting efficient gradient steps using these estimators.
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Background

Minimax problems—or games—of the form minx maxy f (x, y) are ubiquitous in economics, statistics, optimization and machine learning. In recent years, minimax formulations for neural network
training rose to prominence [14, 20], leading to intense interest in algorithms for solving large scale
minimax games [10, 13, 18, 9, 16, 21]. However, the algorithmic toolbox for minimax optimization is
not as complete as the one for minimization. Variance reduction, a technique for improving stochastic
gradient estimators by introducing control variates, stands as a case in point. A multitude of variance
reduction schemes exist for finite-sum minimization [17, 26, 1, 4, 11], and their impact on complexity
is well-understood [32]. In contrast, only a few works apply variance reduction to finite-sum minimax
problems [3, 30, 6, 23], and the potential gains from variance reduction are not well-understood.
We take a step towards closing this gap by designing variance-reduced minimax game solvers that
offer acceleration similar to optimal variance reduction methods for finite-sum minimization. To
achieve this, we focus on the fundamental class of bilinear minimax games,
min max y > Ax + b> y + c> y, where A ∈ Rm×n ;

x∈X y∈Y

(1)

to simplify the exposition, we set b and c to zero throughout. We study the complexity of finding an approximate saddle point (Nash equilibrium), namely x, y with maxv∈Y v > Ax−minu∈X y > Au ≤ .
Section 2 for this extended abstract describes our NeurIPS 2019 paper [5]. Section 3 describes additional
results currently under submission.
Abstract for: Smooth Games Optimization and Machine Learning Workshop (NeurIPS 2019), Vancouver,
Canada.

When X , Y are both probability simplices (referred to as an `1 -`1 game hereinafter), the problem
corresponds to finding an approximate (mixed) equilbrium in a matrix game, a central object in game
theory and economics. Matrix games are also fundamental to algorithm design due in part to their
equivalence to linear programming [8]. When X is a simplex and Y is an `2 ball (an `2 -`1 game),
the corresponding problem finds an approximate maximum-margin linear classifier (hard-margin
SVM), a fundamental task in machine learning and statistics [22]. The problem also encompasses
the well-known geometric problems of minimum enclosing ball and maximum inscribing ball [2].
Finally, when X , Y are both unit balls in `2 (an `2 -`2 game), the corresponding problem includes
standard linear regression as a special case.
The main contribution of our work is to give improved algorithms for minimax problems in these
domains. In Section 2 we describe our basic variance reduction and gradient estimation approach. In
Section 3 we extend our approach to exploit (numerical) sparsity in the matrix A.

2

Our approach

We now describe the main ingredients in the design and analysis of our variance reduction algorithm.
In Appendix A we provide complete pseudo-code for the `1 -`1 instantiation this algorithm.
2.1

General variance reduction framework

Our starting point is Nemirovski’s “conceptual prox-method” [24] for solving minx maxy f (x, y),
where f : X ×Y → R is convex in x and concave in y. The method solves a sequence of subproblems
parameterized by α > 0, each of the form
find x, y s.t. ∀x0 , y 0 h∇x f (x, y), x − x0 i − h∇y f (x, y), y − y 0 i ≤ αVx0 (x0 ) + αVy0 (y 0 )

(2)

for some w0 = (x0 , y0 ) ∈ X × Y, where V is a suitable Bregman divergence: squared Euclidean
distance for `2 and KL divergence for `1 . Combining each subproblem solution with an extragradient
e (α/)
step, the conceptual prox method solves the original problem to  accuracy by solving O
subproblems.
When g(x, y) := (∇x f (x, y), −∇y f (x, y)) is L-Lipschitz, a single (exact) gradient step suffices to
e (L/)
solve (2) with α = L; this gives rise to the well-known mirror-prox method that converges in O
iterations [24]. We take a different route, and solve the problem (2) with α  L using a stochastic
gradient method. In particular, we prove that if a gradient estimator admits the “variance” bound


2
2
2
E kg̃(x, y) − ∇f (x0 , y0 )k∗ ≤ L2 kx − x0 k + ky − y0 k for some L > 0,
(3)
then O(L2 /α2 ) regularized stochastic mirror descent steps solve (2) in a suitable probabilistic sense.
Writing w = (x, y) and Vw0 (w) := Vx0 (x) + Vy0 (y), these steps take the form


1
α
wt ← arg min hg̃(wt−1 ), wi + Vwt−1 (w) + Vw0 (w) ,
(4)
η
2
w∈Z
where η = α/L2 is a step-size parameter. To utilize this framework, we then design computationally
efficient gradient estimators that satisfy (3) and then choose α to balance the cost of O(L2 /α2 )
stochastic gradient estimates with the cost of a single exact gradient computation.
2.2

Variance-reduced row/column gradient estimators for bilinear games

We now focus on bilinear problems, where f (x, y) = y > Ax and the gradient mapping is g(x, y) =
(A> y, −Ax). We wish to estimate the gradient at (x, y), having already computed the exact gradient
at the reference point (x0 , y0 ). We consider estimators that access only a single random row and
column of A, and are therefore cheap to compute. An estimator g̃ is defined by two distributions
p ∈ ∆m , q ∈ ∆n , and has the following form: independently draw i ∼ p and j ∼ q, and set


yi − [y0 ]i
xj − [x0 ]j
g̃(x, y) := A> y0 + Ai:
, −Ax0 − A:j
,
(5)
pi
qj
where Ai: and A:j respectively denote the ith and jth columns of A> and A.
2

Clearly, estimators of the form (5) are unbiased for any p, q. Their variance, however, depends
crucially on the domain geometry and choices of p and q. Variance reduction schemes typically use p
and q that are either uniform or proportional to the entries of A [17, 33, 1, 3]. However, in our setting
these choices do not produce the required bound (3). Clarkson et al. [7] propose stochastic gradient
estimators that sample rows and columns based on the current iterates. We extend this approach to
reduced-variance gradient estimators by “sampling from difference” between the current iterate and
the reference point. For variables x in an the simplex (`1 setup), we choose
|xj − [x0 ]j |
qj =
.
(6)
kx − x0 k1
Similarly, for variables x in a Euclidean ball (`2 setup), we choose
(xj − [x0 ]j )2
qj =
(7)
2 .
kx − x0 k2
We show that these distributions yield the required variance bound (3) with values of L = Lrow-col
given by

maxij |Aij | `1 -`1 games
Lrow-col = maxi kAi: k2 `2 -`1 games
(8)

kAkF
`2 -`2 games.
For `1 -`1 and `2 -`1 games, Lrow-col = Lexact , the Lipschitz constant of g. Consequently, even an
exact gradient computation would not yield a tighter constant in (3) and in that sense Lrow-col is
optimal in these settings. For `2 -`1 games, obtaining the optimal constant requires using a local
norms argument as well as gradient clipping similarly to the proposal of [7]. For `2 -`2 games,
Lexact = kAkop and consequently there is a gap between the constant we obtain and that obtainable
by exact gradients. This gap is to be expected, as it appears in essentially all stochastic methods for
linear regression [31, 17, 27, 12, 19, 28, 26, 1].
2.3

Method complexity

An exact gradient computation takes O(nnz(A)) time (matrix-vector products with A and A> ), and
with the gradient estimator (5) each stochastic mirror descent step of the form (4) takes O(n + m)
e (α/) outer loops, each one taking O(nnz(A))
time. To achieve accuracy  our algorithm performs O
time for computing two exact gradients (one for variance reduction and one for an extragradient step),
plus an additional O((m + n)L2row-col /α2 ) time for the inner mirror descent iterations, with Lrow-col
as in (8). The total runtime is therefore

 
(m + n)L2row-col α
e
O
nnz(A) +
.
α2

p
By setting α optimally to be max{, Lrow-col (m + n)/nnz(A)}, we obtain the runtime


p
Lrow-col
e
O nnz(A) + nnz(A) · (m + n) ·
.
(9)

e (nnz(A)Lexact /) [24, 25]; in `1 -`1 and
In comparison, accelerated linear-time methods run in time O
`2 -`1 games we have Lrow-col = Lexact and√the guarantee (9) is at least as good. In the square dense
case (nnz(A) ≈ n2 = m2 ) it is a factor n improvement. Optimal variance-reduced finite-sum
minimization methods improve the fast gradient method by the same factor [33, 1]. Moreover,
2
e (n + m)L2
our result improves the sublinear O
runtime of [15, 7] when /Lrow-col ≤
row-col /
p
2
−2
(m + n)/nnz(A), i.e. when (n + m)Lrow-col  = Ω(nnz(A)) is not truly sublinear. Balamurugan
and Bach [3] develop variance-reduction schemes that apply in the Euclidean (`2 -`2 ) case only; our
method improves their best runtime guarantee by a factor of log −1 .

3
3.1

Improved runtimes for sparse instances
Row and column sparsity

Suppose the matrix A has at most rcs(A) nonzero elements in every row and column. We develop
gradient estimators of the form (5) that, together with appropriate data structures, allow us to
3

e (rcs(A)). This
implement each regularized stochastic mirror descent step (4) in amortized time O
improves the runtime guarantee (9) to


p
Lrow-col
e
O nnz(A) + nnz(A) · rcs(A) ·
.
(10)

To achieve this, we solve two technical challenges.
Maintaining the iterates. Even though rows and columns of A are sparse, the stochastic gradient estimator (5) and the regularization term in (4) add constant, dense component to the updates.
Therefore, computing each step in time proportional to rcs(A) requires a nontrivial data structure,
particularly for the `1 domain where projecting to the simplex requires maintaining a sum of exponentials. We design a data structure that efficiently maintains a Taylor expansion of these exponentials
and thus approximates them to high accuracy.
Maintaining the sampling distribution. To exploit sparsity, we require a data structure that lets
us efficiently generate row/column samples from the dynamically changing distributions (6) and (7)
e (rcs(A)) per sample). This too is particularly challenging in the `1 domain: it is unclear
(in time O
how to efficiently update a sample generator for the “difference” distribution (6), due to the absolute
value of the difference and the fact that all entries of x change at every step. We sidestep this issue by
“sampling from the sum” instead, using
qj = 13 xj + 23 [x0 ]j .
Sampling from the sum is much simpler; it is a mixture of the current iterate and the reference point,
and we can maintain efficient sample generators for both. To show this sampling strategy is valid, we
prove that it satisfies a version of the variance bound (3) where the squared `1 norm in the RHS is
replaced with KL divergence, which suffices for the convergence analysis.
3.2

Coordinate methods

In some cases, A is numerically sparse: with few large elements and many small (but nonzero)
elements. In these cases rcs(A) = Θ(n + m) and the developments in the previous section provide
little benefit, and yet we intuitively expect numerical sparsity to allow faster runtimes. To achieve
this, we introducing coordinate-wise gradient estimates, whose stochastic part is 1-sparse. For any
two distributions p, q ∈ ∆m×n over the entries of A, we draw ix , j x ∼ p and iy , j y ∼ q and estimate
the gradient as


yix − [y0 ]ix
xj y − [x0 ]j y
g̃(x, y) := A> y0 + ej x Aix j x
, −Ax0 − eiy Aiy j y
,
(11)
pix j x
q iy j y
where ej denotes the jth standard basis vector.
In Appendix B we list distributions p, q that satisfy the variance bound (3) (in suitable local norms)
with L = Lcoord given by
n
o


max
max
kA
k
,
max
kA
k
`1 -`1 games

i
i: 2
j
:j 2

n
o

`2 -`1 games
Lcoord = max maxi kAi: k1 , kAkF
(12)

qP
o
nqP


2
2
max
`2 -`2 games.
i kAi: k1 ,
j kA:j k1
Furthermore, for these distributions we may use our sparsity-supporting data structures to implement
the stochastic mirror steps (4) with the coordinate estimator (11) in amortized time Õ(1) per step,
obtaining total running time


p
e nnz(A) + nnz(A) · Lcoord .
O
(13)

p
For `1 -`1 and `2 -`2 games we have Lrow-col ≤ Lcoord ≤ rcs(A)Lrow-col so the runtime
√ (13) is never
more than (10) by logarithmic factors. For `2 -`1 games we have Lrow-col ≤ Lcoord ≤ n + mLrow-col ,
so (13) might be worse than (10) but never much worse than
√ (9). In all cases, for numerically sparse
instances with Lcoord ≈ Lrow-col , we obtain a speedup of n + m.
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Pseudo-code for `1 -`1 games

Algorithm 1: Variance reduction for `1 -`1 games
Input: Matrix A ∈ Rm×n with ith row Ai: and jth column A:j , target accuracy 
Output: A point with expected duality gap below 
l
m
l m
q
α
4
1
1
n+m
, K ← log(nm)α
,
η
←
,
T
←
L ← maxij |Aij |, α ← L nnz(A)
2

10L
ηα , z0 ← ( n 1n , m 1m )
for k = 1, . . . , K do
. Relaxed oracle query:
y
x
(x0 , y0 ) ← (zk−1
, zk−1
), (g0x , g0y ) ← (A> y0 , −Ax0 )
for t = 1, . . . , T do
. Gradient estimation:
|[yt−1 ]i − [y0 ]i |
|[xt−1 ]j − [x0 ]j |
Sample i ∼ p where pi =
, sample j ∼ q where qj =
kyt−1 − y0 k1
kxt−1 − x0 k1


[xt−1 ]j − [x0 ]j
[yt−1 ]i − [y0 ]i
, −A:j
Set g̃t−1 = g0 + Ai:
pi
qj
. Mirror descent
step:



v
1
ηα
x
x t ← ΠX
log xt−1 +
log x0 − ηg̃t−1
. ΠX (v) = keev k
1
1
+
ηα/2
2



v
ηα
1
y
log yt−1 +
log y0 − ηg̃t−1
yt ← ΠY
. ΠY (v) = keev k
1
1 + ηα/2
2
T

9

10
11

12

1X
(xt , yt )
T t=1
. Extragradient
step:

zk−1/2 ←

y
x
zkx ← ΠX log zk−1
− α1 A> zk−1/2


y
x
zky ← ΠY log zk−1
+ α1 Azk−1/2

return



K
1 X
zk−1/2
K
k=1
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B

More information on coordinate methods

In Table 1 we summarize the sampling distributions we use for the coordinate gradient estimator (11)
in the various setups we consider. For ease of reference, we also state the constant variance bounds
constant
Lcoord we obtain, using the notation a ∨ b := max{a, b}. The running time in each case is

p
e nnz(A) + nnz(A) · Lcoord .
O

Table 1: Sampling distributions and variance bound constant for variance reduced coordinate methods.
Setup
`1 -`1
`2 -`1
`2 -`2

pij
 A2ij +α2
2
1
3 yi + 3 [y0 ]i kA k2 +nα2
i: 2

1
3 yi

+ 23 [y0 ]i

kA k2
P i: 1 2
k kAk: k1

·



|Aij |
kAi: k1

|Aij |
kAi: k1

qij
 A2ij +α2
1
2
3 xj + 3 [x0 ]j kA k2 +mα2
:j 2

A2ij +α2 (xj −[x0 ]j )2
kAk2F +α2 kx−x0 k22
kA k2
P :j 1 2
k kA:k k1

·

|Aij |
kA:j k1

Lcoord
maxi kAi: k2 ∨ maxj kA:j k2
maxi kAi: k1 ∨ kAkF
qP

2

i kAi: k1 ∨

qP

2

j

kA:j k1

We make the following remarks:
1. The performance bounds for our proposed coordinate methods are novel even without variance

e nnz(A) + L2 /2 .
reduction. In particular, taking α =  produces methods that run in time O
coord
In a number of regimes, this runtime improves on the best known fully stochastic methods
of Clarkson et al. [7].
2. For `1 domains, obtaining the current value of Lcoord relies crucially on bounding the estimation
error in a local norm (depending on the current coordinate) [cf. 29, Section 2.8]. To apply local
norm bounds in mirror descent analysis, the quantity η kg̃k∞ must be of the order of unity. The
role of the terms proportional to α in Table 1 is to guarantee this.
3. The distributions described in Table 1 have marginals that are easy to sample from. For example, in
the `2 -`1 setup, to sample from p we first sample i ∼ 13 y + 23 y0 and then sample j with probability
proportional to the magnitude of the elements in Ai: .
4. Many other efficient sampling schemes satisfy the same variance bounds. For example, in the
2
|A |
i −[y0 ]i )
· kA:jijk .
`2 -`2 setup we could also use pij = (yky−y
k2
0 2

1

5. In every setup, it is possible to write in closed form the tightest possible variance bound (3)
attainable via estimators of the form (11), and the distributions p, q that attain it. While sampling
from these minimum variance distributions is in most cases intractable, for `1 -`1 and `2 -`2 games
the minimum-variance estimator has the same constant Lcoord appearing in Table 1, and in that
sense our sampling scheme is optimal. For `2 -`1 games, the optimal p, q produce the constant
maxi kAi: k1 ∨ k|A|kop , where k|A|kop denotes the operator norm of the element-wise absolute
values of A. This constant can be significantly smaller than the value of Lcoord we obtain. How to
attain the optimal constant with probabilities that can be sampled efficiently—and whether it is at
all possible—remains an open question.
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