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Abstract

Several recent papers propose a perspective on Deep Neural Networks through
the lens of optimal control theory. This leads to a new analysis, for example
of the stability of backpropagation. On the other hand, saddle-point problems
and variational inequalities gained a new interest in the deep learning community,
e.g. in application to Generative Adversary Networks. The field of differential
games combines saddle-point problems and optimal control in order to study
optimal control problems in the presence of conflict or uncertainty. In this work
we consider convex-concave differential games and propose an algorithm to find
the optimal strategies. The algorithm is based on the construction of dual problem,
which is finite-dimensional problem, and applying a primal-dual gradient method.
A careful analysis is used to prove the rates in terms of the solution to the original
problem.1

1 Introduction

Several recent papers propose a perspective on Deep Neural Networks through the lens of optimal
control theory [4, 5]. This leads to a new analysis, for example of the stability of backpropagation.
On the other hand, saddle-point problems and variational inequalities gained a new interest in the
deep learning community, e.g. in application to Generative Adversary Networks [3, 6]. The field of
differential games combines saddle-point problems and optimal control in order to study optimal
control problems in the presence of conflict or uncertainty. In this work we consider convex-concave
differential games and propose an algorithm to find the optimal strategies.

In the last years we can observe an increasing interest to the primal-dual subgradient methods. This
line of research, started in [8], leads to the special methods, which allow to reconstruct approximate
solution to a conjugate problem. In order to do this, methods need to get an access to the internal
variables of the oracle. Therefore, all these methods are problem-specific.

This approach works well when the primal and conjugate problems have different level of complexity.
For example, we can have a primal minimization problem of very high dimension, with very simple
objective function and basic feasible set, and a small number of linear equations. Introducing
Lagrange multipliers for these linear constraints, we can pass to the conjugate (dual) problem2, which

1The full work was published as [2].
2Since the objective and the feasible set of our problem are simple, very often this can be done in an explicit

form.
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has good chances to be simple in view of its small dimensional. The only delicate problem is the
reconstruction of the primal variables from the minimization process, which we run in the conjugate
space.

In [1] this approach was applied to the problems of Optimal Control with convex constraints for
the end point of the trajectory. These constraints were treated by linear operators from infinite-
dimensional space of variables (control) to a finite-dimensiomal space of phase variables. It was
shown, that an appropriate optimization process in the latter space can generate also nearly optimal
sequence of controls (functions of time). Moreover, this technique was supported by the worst-case
complexity analysis.

In this work we do the next step in this direction. We consider an infinite-dimensional saddle-point
problem, which variables (controls) must satisfy some linear equality constraints. We show that
these constraints can be dualized by finite-dimensional multipliers. Moreover, it appears that the dual
counterpart of our problem is again a saddle-point problem, but in a finite dimension (we call this
problem conjugate). We show how to reconstruct the infinite-dimensional primal strategies from a
special finite-dimensional scheme, which solves the conjugate problem.

2 Main results

Consider two moving objects with dynamics given by the following equations:

ẋ(t) = Ax(t)x(t) +B(t)u(t), ẏ(t) = Ay(t)y(t) + C(t)v(t), (x(0), y(0)) = (x0, y0). (1)

Here x(t) ∈ Rn, y(t) ∈ Rm are the phase vectors of these objects, u(t) is the control of the first
object (pursuer), and v(t) is the control of the second object (evader). Matrices Ax(t), Ay(t), B(t),
and C(t) are continuous and have appropriate sizes. The system is considered on the time interval
[0, θ]. Controls are restricted in the following way u(t) ∈ P ⊂ Rp, v(t) ∈ Q ⊂ Rq ∀t ∈ [0, θ]. We
assume that P,Q are closed convex sets.

The goal of pursuer is to minimize the value of the functional:

F (u, v) + Φ(x(θ), y(θ))
def
=

∫ θ

0

F̃ (τ, u(τ), v(τ))dτ + Φ(x(θ), y(θ)). (2)

The goal of the evader is the opposite. We need to find an optimal guaranteed result for each object,
which leads to the problem of finding the saddle-point of the above functional. We assume the
following:

• u(·) ∈ L2([0, θ],Rp), and v(·) ∈ L2([0, θ],Rq),
• the saddle-point in this class of strategies exists,
• function F (u, v) is upper semi-continuous in v and lower semi-continuous in u,
• Φ(x, y) is continuous.

If we solve the first differential equation in (1), then we can express x(θ) as a result of application of
the linear operator B : L2([0, θ],Rp)→ Rn:

x(θ)
def
= x̃0 + Bu, (3)

and the linear operator C is defined in the same manner.

So our main problem of interest has the following form:

min
u∈P

[
max
v∈Q
{F (u, v) + Φ(x, y) : y = ỹ0 + Cv} : x = x̃0 + Bu

]
(4)

In order to obtain a smooth saddle-point problem, let us introduce some assumptions.

A1 function F (·, v) is strongly convex for any fixed v with constant σFu which does not depend on v,
and function F (u, ·) is strongly concave for any fixed u with constant σFv which does not depend on
u. Also assume that:

‖∇uF (u, v1)−∇uF (u, v2)‖ ≤ Luv ‖v1 − v2‖ , ‖∇vF (u1, v)−∇vF (u2, v)‖ ≤ Lvu ‖u1 − u2‖
(5)
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A2 Φ(·, y) is strongly convex for any fixed y with constant σΦx which doesn’t depend on y and
Φ(x, ·) is strongly concave for any fixed x with constant σΦy which doesn’t depend on x. Also
assume that:

‖∇xΦ(x, y1)−∇xΦ(x, y2)‖ ≤ Lxy ‖y1 − y2‖ , ‖∇yΦ(x1, y)−∇yΦ(x2, y)‖ ≤ Lyx ‖x1 − x2‖ ,
(6)

and

‖∇xΦ(x1, y)−∇xΦ(x2, y)‖ ≤ Lxx ‖x1 − x2‖ , ‖∇yΦ(x, y1)−∇yΦ(x, y2)‖ ≤ Lyy ‖y1 − y2‖ .
(7)

Note that assumptions A1, A2 imply that the level sets of functions F (u, v),Φ(x, y) are closed
convex and bounded. We construct the conjugate problem for (4), which is

minλ maxµ{ minu∈P maxv∈Q [F (u, v)− 〈µ,Bu〉+ 〈λ, Cv〉]
+ minx maxy [Φ(x, y) + 〈µ, x〉 − 〈λ, y〉]− 〈µ, x̃0〉+ 〈λ, ỹ0〉 }. (8)

Here λ ∈ Rn and µ ∈ Rm.

We assume that problems

ψ1(λ, µ) = min
u∈P

max
v∈Q

[F (u, v)− 〈µ,Bu〉+ 〈λ, Cv〉] , (9)

ψ2(λ, µ) = min
x

max
y

[Φ(x, y) + 〈µ, x〉 − 〈λ, y〉] (10)

are simple, which means that they can be solved efficiently or in a closed form. Note that the conjugate
problem is finite-dimensional. Using assumptions A1, A2, the fact that closed convex bounded set in
Hilbert space is compact in weak topology, the fact that F (u, v) is upper semi-continuous in v and
lower semi-continuous in u, we conclude that the saddle points in the problems (9), (10) do exist for
all λ ∈ Rn and µ ∈ Rm.

Lemma 1. Let Assumptions A1, A2 hold. Then ψ1(λ, µ) and ψ2(λ, µ) are smooth with partial
gradients satisfying the Lipschitz condition.

Next, we describe the setup for the algorithm. Let us introduce prox-function dλ(λ) = σλ
2 ‖λ‖

2,
where we use Euclidian norm. Function dλ(λ) is strongly convex in this norm with convexity
parameter σλ. For the variable µ we introduce prox-function dµ(µ) =

σµ
2 ‖µ‖

2, which is strongly
convex with convexity parameter σµ with respect to Euclidian norm. These prox-functions are
differentiable everywhere. For any λ1, λ2 ∈ Rn we define Bregman divergence ωλ(λ1, λ2) =
σλ
2 ‖λ1 − λ2‖2 Let us choose λ̄ = 0 as the center of the space Rn. Then we have ωλ(λ̄, λ) = dλ(λ).

For µ we introduce the similar settings.

Finding the saddle point (λ∗, µ∗) for conjugate problem (8) is equivalent to solving variational
inequality

〈g(λ, µ), (λ− λ∗, µ− µ∗)〉 ≥ 0, ∀λ, µ, (11)

where
g(λ, µ) = (∇λψ(λ, µ),−∇µψ(λ, µ)). (12)

Let us choose some κ ∈ (0, 1). Consider a space of z def
= (λ, µ) with the norm

‖z‖ =

√
κσλ ‖λ‖2 + (1− κ)σµ ‖µ‖2,

an oracle g(z) = (∇λψ(λ, µ),−∇µψ(λ, µ)), a new prox-function d(z) = κdλ(λ) + (1− κ)dµ(µ)
which is strongly convex with constant σ0 = 1. We define W = Rn × Rm, Bregman divergence
ω(z1, z2) = κωλ(λ1, λ2) + (1−κ)ωλ(µ2, µ2) which has an explicit form of ω(z1, z2) = d(z1− z2),
and center z̄ = (0, 0). Then we have ω(z̄, z) = d(z). Note that the norm in the dual space is defined
as

‖g‖ =

√
1

κσλ
‖gλ‖2 +

1

(1− κ)σµ
‖gµ‖2
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Lemma 2. Let Assumptions A1, A2 be true, and κ =
σµ

σµ+σλ
. Then operator g(z) defined in (12) is

Lipschitz continuous:
‖g(z1)− g(z2)‖ ≤ L ‖z1 − z2‖ , (13)

where L depends on the problem parameters.

We use the Dual Extrapolation method from [7] to solve (11)

1. Initialization: Fix β = L
σ0

. Set s−1 = 0.

2. Iteration (k ≥ 0):
Compute xk = Tβ(z̄, sk−1), (M1)

Compute zk = Tβ(xk,−g(xk)),
Set sk = sk−1 − g(zk).

Here
Tβ(z, s) = arg max

x∈W
{〈s, x− z〉 − βω(z, x)}.

Similarly to [8], we can prove that method (M1) generates bounded sequence {zi}i≥0. Hence the
sequences {λi}i≥0, {µi}i≥0 are also bounded. Also since the saddle point in the problem (4) exists,
there exists a saddle point (λ∗, µ∗) for conjugate problem (8). These arguments allow us to choose
Dλ, Dµ such that dλ(λi) ≤ Dλ, dµ(µi) ≤ Dµ for all i ≥ 0, which also ensure that (λ∗, µ∗) is an
interior solution:

Br/√κσλ(λ∗) ⊆Wλ
def
= {λ : dλ(λ) ≤ Dλ} , Br/√(1−κ)σµ

(µ∗) ⊆Wµ
def
= {µ : dµ(µ) ≤ Dµ}

for some r > 0. Then we have z∗ = (λ∗, µ∗) ∈ FD
def
= {z ∈W : d(z) ≤ D} with D = κDλ +

(1− κ)Dµ and Br(z∗) ⊆ FD.

To characterize the quality of the solution, we define a function

φ(u, x, v, y) = minλ maxµ{ F (u, v) + Φ(x, y) + 〈µ, x− x̃0 − Bu〉+ 〈λ, Cv + ỹ0 − y〉 :
dλ(λ) ≤ Dλ, dµ(µ) ≤ Dµ}.

(14)
Since dλ(λ∗) ≤ Dλ, dµ(µ∗) ≤ Dµ, and the conjugate problem is equivalent to the initial one, we
conclude that the initial problem is equivalent to the problem

min
u∈P,x∈X

max
v∈Q,y∈Y

φ(u, x, v, y) (15)

Let us introduce two auxiliary functions:

ξ(u, x) = max
v∈Q,y∈Y

φ(u, x, v, y), η(v, y) = min
u∈P,x∈X

φ(u, x, v, y) (16)

Note that ξ(u, x) is convex, η(v, y) is concave, and ξ(u, x) ≥ φ(u∗, x∗, v∗, y∗) ≥ η(v, y) ∀u ∈
P, v ∈ Q, x ∈ X, y ∈ Y , where φ(u∗, x∗, v∗, y∗) is the solution to (15).
Theorem 1. Let Assumptions A1 and A2 be true, and κ =

σµ
σµ+σλ

, L be defined in Lemma 2. Let the
points zi = (λi, µi), i ≥ 0 be generated by method (M1). Let

ûk+1 =
1

k + 1

k∑
i=0

ui, v̂k+1 =
1

k + 1

k∑
i=0

vi, x̂k+1 =
1

k + 1

k∑
i=0

xi, ŷk+1 =
1

k + 1

k∑
i=0

yi,

(17)
where (ui, vi), (xi, yi) are the saddle points at the point (λi, µi) in (9) and (10) respectively. Then
for functions ξ(u, x), η(v, y) defined in (16) we have:

ξ(ûk+1, x̂k+1)− η(v̂k+1, ŷk+1) ≤ LD

k + 1
(18)

Also the following is true:

‖Bûk+1 + x̃0 − x̂k+1‖ ≤
LD
√
σµ

r(k + 1)
, ‖Cv̂k+1 + ỹ0 − ŷk+1‖ ≤

LD
√
σλ

r(k + 1)
. (19)
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